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THEORETICAL INVESTIGATION OF THE LONGITUDINAL RESPONSE
CHARACTERISTICS OF A SWEPT-WING FIGHTER ATRPLANE
HAVING A PITCH-ATTITUDE CONTROL SYSTEM

By Fred H. Stokes and J. T. Matthews
SUMMARY

A theoretical analysis is made of a pitch-attitude control system
as applied to a swept-wing fighter airplane. The system is investigated
both with and without pitch-rate feedback. The effects that changes in
altitude and Mach number have on the response characteristics of the
airplane-autopilot combination are investigated, as are the effects of
changes in the rate and error gain settings of the system.

The results are discussed on the bagis of the characteristics of
the frequency and transient responses in pitch attitude, such as the
frequency at which the peak in the amplitude response occurs, the time
for an error to reduce to and stay within 5 percent of the original
command increment, and the cycles to damp to one-half amplitude. Also
discussed are the variations of elevator deflection, normal acceleration,
and flight path encountered at various gain settings and flight condi-
tions when an approximate step command in pitch attitude is impressed
on the system.

The primary conclusions reached in this theoretical investigation
are that (1) the airplane-autopilot ccombination incorporating pitech-
attitude and pitch-rate feedback can be made to perform well as far
as attitude response is concerned, for the flight conditions investi-
gated, provided some means is availsble for changing the gain settings,
(2) with the gain settings which give the best response characteristics
the elevator deflections encountered for the high-altitude conditions
would be very large, and the magnitude of these gain settings may be
limited by factors not considered in this peper, and (3) the low levels
of normal ecceleration sustained after an approximate step command in
pitch attitude would indicate that the piteh-attitude autopilot is not
particularly suited to tight control of the flight path.
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INTRODUCTION

The addition of an autopilot to an airplane introduces many possible
variations in the manner in which the airplane motions and loads can be
controlled. The National Advisory Committee for Aeronautics has under-
taken a theoretical investigation, the general purposes of which are
(1) to study the response characteristics of an airplane having various
autopilots in order to determine the effects of the basic types of lon-
gitudinal stabilization, such as pitch-attitude, normal-acceleration,
and angle-of-attack, (2) to determine the effects of change of altitude
and Mach number on the response characteristics of the various systems,
and (3) to determine the effects of changing .the gain settings on the
response characteristics of the various systems. In the present paper
pitch-attitude stabilization and control is investigated, and the effects
on the performance of the airplane-autopilot combination of changling the
flight conditions of the airplane and the gain settings in the system
are discussed.

The types of controls analyzed herein incorporate pitch-attitude
feedback alone and pitch-attitude plus pitch-rate feedback. The gain
gsettings associated with these two types of controls were initially
determined by a well-known technique which involves adjusting the peak
megnification of the closed loop to a specified value. The gain settings
then were altered to find the effects on the performance of the system.

The results presented are discussed on the basis of the character-
istics of the frequency and transient responses in pitch attitude, such
as the frequency at which the peak amplitude response occurs (hereinafter
called the peak frequency), the time for an error to reduce to and stay
within 5'percent of the original command increment (hereinafter called
the response time), and the cycles to damp to one-half amplitude. Also
discussed are the variations of elevator deflection, normal acceleration,
and f£light path encountered at various gain settings and flight condi-
tions when an approximate step command in pitch attitude 1s impressed

on the system. ;

SYMBOLS
o angle of attack, radians
V4 angle of flight path with horizontal, radians
8 elevator deflection, positive when trailing edge is up, deg

€ error signal, 64 - 04
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€ autopilot input

] angle of pitch, radians)

A angle of sweepback of 0.25-chord line, deg

i) phase angle, deg

m relative-density factor, m/pSE

o] atmospheric density, slugs‘cu £t

o circular frequency, radiaﬁ;/sec

w' nondimensional circular fredueﬁcy, %»&

Wy frequency at which the peak in amplitude response occurs,
radians/sec ‘

A aspect ratio

Cy1/2 cycles for oscillations to reach one-half amplitude ‘

D nondimensional differential operator, %:é%

Iy moment of inertia sbout Y-axis, slug-f£t2

Kg autopilot gain setting for position signal fed back from
control surface

K¢ pitch-attitude error-signal gain setting

Ky autopilot gain setting for position signal fed back from
pilot piston

Ky nondimensional radius of gyration about lateral staebility axis

XRr rate-signal gain setting, radiags

radian/sec
L 1lift, 1b . Cr

M Mach number; pitching moment in figure 1
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wing area, sq £t

time for an error to reduce to and stay within 5 percent of
the command increment, sec

airspeed, ft/sec
airplane weight, 1b
longitudinal axis of reference fixed in airplane

autopilot transfer function

airplane transfer function relating angle of pitch to
elevator deflection

normel axis of reference fixed in airplane
wing span, £t

mean aerodynemic chord, £t

acceleration due to gravity, ft/sec?

pressure altitude, £t

tail length, measured from 0.25¢ of the wing to 0.25¢ of
the tail, £t

mass of airplane, slugs

normal acceleration, positive up, g units
D8; dynemic pfessure, %pvz, lb/sq £t
time, sec

1lift coefficient, IL/qS

rate of change of 1ift coefficient with angle of attack,
per radian

rate of change of 1ift coefficient with angle of attack of ’
tail, per radian .




NACA TN 2882 S

CLq rate of change of 1lift coefficient with pitching velocity
Cy; rate of change of 1lift coefficient with rate of change of
D,

angle of attack

Cigy rate of change of 1ift coefficient with elevator
deflection, per radian

Cmc rate of change of pitching-moment coefficient with 1lift

L coefficient
Cmm rate of change of pitching-moment coefficient with angle

of attack, per radian

Cmat rate of change of pitching-moment coefficient with angle
of attack of the tail, per radian

Cmq rate of change of pitching-moment coefficient with
pitching velocity

CmDm rate of change of pitching-moment coefficient with rate
of change of angle of attack

cm5 rate of change of pitching-moment coefficient with elevator
deflection, per radian

de/dm rate of change of downwash with angle of attack

eq/eil absolute value of amplitude ratio

Subscripts:

1 input

o output

88 steady state

ANATYSIS

The analysis throughout this paper was made by conventional tech-
niques in which the concept of the transfer function was utilized.




6 ' ‘ NACA TN 2882

\ , A%rplane Transfer Function

The transfer function of the airplane relating angle of pitch to -
elevator deflection was obtained from an “"equation of motion" type of
analysis by use of stability derivatives estimated from theory, wind-
turnel data,(and flight-test data. The various trapsfer functions used
in this analysis are presented in the appendix. The system of axes and
gign conventions used herein is presented in figure 1. In the analysis
the degree of freedom involving changes in lohgitudinal veloéity was
neglected, as this paper is concerned primarily with short-period
command characteristics.

Since the coefficients of the transfer function vayy with airspeed,
altitude, Mach number, and other conditions, it is necessary to study the
control characteristics for flight conditiPns that represent the normal
speed and altitude range of the airplane being considered. The four con-
ditions selected were: condition I, M = 0.5 and hp = 35,000 feet;
condition ITI, M = 0.7 and Ry = O; condition IIT, M = 0.7 and
hp = 35,000 feet; and condition IV, M = 0.9 and hp ='35,000 feet.
These flight conditions, the basic airplane dimensions, and the corre-
sponding airplane stability parameters are presented in table I. Fig-
ure 2 shows the airplane frequency-response curves for the flight condi-
tions investigated. These curves are in fairly good agreement with
similar curves subsequently obtained from actual flight tests.

y \
Autopilot Transfer Functiqn

) The frequency response of the autopilot used throughout this
analysis was obtained experimentally from a bench setup of a special
autopilot system whose characteristics made it suitable for use in a
high-speed fighter airplane. The autopilot considered had essentially
constant amplitude-response characteristics up to a frequency of
about 6 cycles per second. The fr%quency response of this system
is shown in figure 3 and a block diagram of( the system is as follows:

- Variable-
Transfer P%lOt displacement-a-servo' 2;
valve piston pump motor
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Alrplane-Autopilot Combination Without Rate Feedback

A block diagram of the airplane-autopilot combination without rate
feedback is as follows: ‘

61 e | €1 [Autopilot| & _[Airplane| 8

The open-loop transfer function, frcam which the pitch-attitude response
characteristics may be obtained, appears symboldically as

\

‘Dynamically, the feedback element which measures pitch attitude was
assumed to have an amplitude ratio of 1 and zero phase lag.

In servomechanism synthesis, a peak magnification of the closed-
loop frequency response ranging from 1.2 to 1.6 usually gives the best
response characteristics (ref. 1, p. 107) for a given system, although
this does not necessarily mean that the system is satisfactory. In this =~
analysis the error gain setting K. producing a peak magnification of
approximately 1.2 was determined graphicqlly - the manner described in
reference 1, pages 185 to 188. With this gain setting and the known
transfer function of{Both the asirplane and the autopilot, the closed-
loop frequency response of the system was calculated and plotted. The
closed-loop frequency response is given by the expression

8o _ Ki¥p

{ —_— ————
6; 1+ KXY Y,

)

The transient-response characteristics of the system were determined
from the frequency'response with the aid of a Fourier synthesizer of
the type described in reference 2. The input quantity, pitch-attitude
command 64, was in the form of an approximate square wave utilizing
the first 24 harmohics of & Fourier series, as shown in figure L. \
Because of the poor response characteristics for the system without
rate feedback, variations of K¢ from the values giving a peak magni-
fication of 1.2 were not investigated.

. — —— S PUEIFRPESISNIPRUESEESE S
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Airplane-Autopilot Combination With Rate Feedback “

It was assumed that a rate gyro would supply perfectly the additional
derivative signal. When the rate gyro is placed in the feedback loop of
the airplane-autopilot combination the block diagram of the system is
altered as follows:

01 <l €1 [Autopilot| & _ [Airpleme| 6, _

kg D6 Rate gyro
d
%R 3%

The open-loop transfer function now appears symbolically as

8o . _Hfafz
€ 1+ KgYpYoD

The procedure used in establishing the gearing constants for this
system was as follows: At each flight condition investigated the gain
setting KR was determined so that the peak magnification of the inner A
loop was adjusted to a value of 1.2, and then the error gain setting K
was determined in & similar manner so that the peak magnification of the
outer loop was adjusted to epproximately 1.2. The effects of changing
KR &and K. were also investigated. The rate-signal gain setting KR
was increased by 25 and 50 percent and decreased by 50 percent of its
original value, and K. was changed simultaneously to give a peak
magnification of the outer loop of 1.2, on the asgumption that this
value closely approximates the optimum value for the outer loop. In
this manner the trend of the frequency-response curves could be seen.

In order to verify that a peak magnification of 1.2 more closely approxi-
metes the optimum value for the outer loop, calculations were also made
with values of K. that would give a peak magnification of 1.6. In

addition to varying the gain settings for each flight condition, the

effect of holding the system gains constant while varying the flight ‘
conditions was investigated. Initially the gain settings which gave ,
the best results at the altitude cruising condition, condition III, :
were used, and finally the gain settings which gave the best results at ,

the sea-level condition, condition II, were used.
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The Fourier synthesizer was also employed to establish the transient-
regsponse characteristics for the cases of the autopllot with rate feedback.

The response characteristics that were used to evaluate the various
conditions were (1) the peak frequency p, (2) the response time Tsg,
and (3) the number of cycles to damp to one-half amplitude Ci/z. In
addition to the transient respomnses in pitch attitude, calculations were
made of the variations of elevator deflection needed to produce these
responses, the varidtion of the normal acceleration imposed upon the air-
frame, and the response in flight path when the system was subjected to
the pitch-attitude command. Expressions for the transfer functions B/Gi,
n/ei, and 7/61 are presented in the appendix. These relations were
employed to determine the associated transient-response characteristics
through use of the Fourier synthesizer, as described in reference 2.

This procedure was applied at all four flight conditions when the best
gains obtained at each condition were used, when the gains were held
constant throughout all conditions at. the best value obtained for the
high-altitude cruising condition, and when the gains were held constant
throughout all conditions at the best value for the sea-level condition.

RESULTS AND DISCUSSION
Airplane-Autopilot Combination Without Rate Feedback
The best frequency and trensient responses obtained for the system
without rate feedback at all four flight conditions are shown in figure 5.

For comparison, the approximate square-wave input produced by the synthe-
Bizer also is plotted. For simplicity, this input curve in figure 5 and

‘subsequent figures was smoothed so that the ripples existing in the

actual input would not appear. The fairing of this curve was Jjustified
because the frequency of the ripple was high enough to have no signifi-
cant effect on the output. The small ripples were caused by the limited
nunber of harmonics utilized by the Fourier synthesizer. 1In addition,
the parameters wp, Ts4 and Cl/z associated with each transient and
frequency response are tabulated in figure 5. -

It is obvious from figure 5 that in_all.four conditions the dynamic
characteristics of the airplane-autopilot combination would be undesirable
because of the long time required for the airplane. to respond.to an
applied command and the very low damping of the system. For a particular
condition,. better damping could be obtained at the expense of a more
sluggish response by decreasing Kc 1in ceses where a: still slower
response can be tolerated s AR s o

- -

- . PRI
. . £ ~ b . s
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Tmprovement in the transient response could be effected by
increasing the magnification of the low-frequency end of the frequency-
regponse curves without increasing the peak magnification of the curves.
As is well-known, the addition of derivative feedback would accomplish
this purpose.

Airplane=-Autopilot Combination With Rate Feedback

The results obtained with rate feedback incorporated for the four
flight conditions are presented in figures 6 to 9. By comparing these
figures with figure 5, it can be seen that the incorporation of rate
feedback improved the system considerably, and the results presented
herein indicate that the present airplane-autopilot combination incor-
porating rate feedback can be made to have a very rapid attitude response,
provided some means of changing the gain settings is available. In fact,
a comparison of figures 6 to 9 with figure 2 would indicate that in scme
cases the natural frequency of the airplane-autopilot cambination can be
made 10 times that of the basic alrplane without loss of adequate damping.

Effects of Varying Gain Settings

In figures 5 to 9, the original gain settings were determined by
adjusting the gain settings of both the inner and the outer loop for a
pesk magnification of approximately 1.2. This case corresponds to the
curves in the second row from the top of each figure. For the purpose
of determining the effects of variations in the gain settings at each
condition, when the peak magnification of the outer loop was maintained
at approximately 1.2, the original values of rate gain were (1) decreased
50 percent, (2) increased 25 percent, and (3) increased 50 percent. The
results for these settings are also presented in each figure. As these
gains were altered, the tremnds of the frequency-response curves could be
observed. For perfect following, the amplitude response would have a
value of unity from zero to infinite freguency and the phase-angle curve
would be zero for all values of . This result obviously is impossible
to achieve, but any modification which serves to increase the peak fre-
quency wp .or raise the low-frequency dip in the frequency-response,
curve without encountering high peak magnifications makes possible a
closer approach to this ideal curve. Similarly, as perfect following
would involve no phase lag, any modification that generally reduces the
phase-angle variation with frequency would improve the response.

To a limited extent, increasing the rate gain made possible an
increase in the error gein without an increase in the peek magnification;
thereby the peak frequency was increased and the low-frequency dip was
raised. These adjustments, therefore, afford further increases in the
performence of the system. As the rate gain settings were increased
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beyond a certain value, the inner loop containing the rate feedbadk
began to approach instability, and, as indicated in figures 6 to 9,
further increases in rate gain did not afford improved performance.

The response time was not significantly altered by increasing the
rate gain 50 percent. The response time for condition IV (high altitude
and a Mach number of 0.9) was increased appreciably when the rate gain
was reduced 50 percent, but for the other flight conditions reduction
in rate gain did not produce any large changes in the response time.

The effects on peak frequency, which is an indication of the rapidity
of the initiel response, are more predominant. The peek frequency

increases as the rate gain increases. The effect on the stability of
the system in terms of Cl/z was also more pronounced than the effect

on Tsg, but in general the response characteristics for the various

flight conditions were not very sensitive to gain changes of this
magnitude. .

Figure 10 shows the results obtained when the peak magnification
of the outer loop is increased to 1.6 for condition IV. A comparison
with the corresponding curves of figure 9 shows the effects of changes
in error gain alone. The changes in error gein asscociated with the
change in peak magnification from 1.2 to 1.6 are in all cases small;
hence the stability of the system is rather sensitive to changes in
error gein alone. The response characteristics, as indicated by wp

and Ts¢, are not significantly changed by the change in peak magnifi-

cation, but considerations of stability (in terms of Cl/z) would tend
to make a peak magnification of 1.2 preferable.

Figures 6 to 9 reveal, further, that the magnitudes of the gain
settings for the altitude conditions (conditions I, III, and IV) were
extremely high as compared with those being currently used in airplane
sutopilots. At these altitude conditions, the error gain K. reached
magnitudes as high as 40, which means that for 1° of steady attitude
error the elevator would deflect 40C. 1In practice, gains might very
well be limited to lower values by other considerations, such as servo
power, loads, saturation, and the possibility of exeiting high-frequency
chatter. The limited considerations involved in the analysis, however,
allowed a very rapid response with & good degree of stahility. As
mentioned previously in connection with the autopilot without rate feed-
back, the gains could be relaxed at the expense of the response if it
were established that a poorer response could be tolerated.

Effects of Mach Number and Altitude

The variation of the gaiﬁ settings with fliéht condition is necessi-
tated by the alterations in the airplane frequency -response, as shown in
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figure 2. The effects of Mach number change at a constant altitude can
be seen by comparing figures'6, 8, and 9. As the Mach mmber is increased
from 0.5 to 0.9, the gain settings decrease in magnitude by a factor of
about 2.5. This decrease in gain is enabled by the fact that at subsonic
speeds the frequency response of airplanes usually improves with increased
airspeed. The expected trend is for the frequency-response curves of the
airplane to be stretched along the frequency axis by an amount propor-
tional to the increase in airspeed. This stretching reflects an Iincrease
in the natural frequency of the airplane. A point worth noting, however,
is that with the best gain adjustment obtained at each high-altitude
condition the response time and degree of stebility of the airplane-
autopilot combination correspond closely.

A comparison of figures 7 and 8 shows the effects of altitude change
at constant Mach number. In going from sea level to a 35,000~foot alti-
tude the best gain settings obtained increase by a factor of about k.
The reasons for this necessary increase in gain setting can be seen
by comparing the airplane frequency-response curves for the two alti-
tudes (see fig. 2). At sea level the peak of the amplitude-response
curve occurs at about twice the frequency of the peak for a 35,000-foot
altitude at the same Mach number. The rapid phase shift in the airplane
frequency response also is delayed to higher frequencies for the sea-
level condition. These differences reflect an increase in the natural
frequency of the airplane with decrease in altitude, with the result
that the high-frequency response generally improves. Also, at low fre-
quency (w < 1 radian per second) the amplitude response is greater for
the sea-level condition. The differences in the airplane frequency-
response curves can be atiributed primarily to the fact that the density
decreases by a factor of 3 in going from sea level to 35,000 feet.
Another effect of altitude which usually occurs can be seen from fig-
ure 2. This effect is an increase in the ratio of the peak amplitude
response to the minimum emplitude response at low frequency as the
operating altitude is increased at constant Mach number. An increase
in this ratio indicates a decrease in airplane damping. This reduction
in demping can be offset by increasing the rate feedback of the output.
It is of interest to note that although the gains at low altitude are
decidedly lower, the response time at the best gain settings obtained
tends to be larger at sea level than at 35,000 feet. This condition
results from the tendency of the inner loop to approach instability at
low rate gains for the sea-level condition. This limitation on the
usable rate gain in turn limits the maximum error gain. The compara-
tive response times might be changed if other possible limitations on
the high gain at altitude were considered.

The analysis thus far has shown that the gain settings of the
airplene-sutopilot combination with rate feedback can be adjusted to
give high performance in each flight condition. Manual adjustment of
the gains would create extra work for the pilot, and automatic adjust-
ment would introduce added complications in the autopilot. Therefore,
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the effects of holding the gain settings constant while varying the
flight conditions were investigated, and the results are shown in fig-
ures 11 and 12. In figure 11, the gain settings that were chosen were
the best gain settings obtained for the altitude cruising condition

(see fig. 8). The system became unstable at sea level with these gain
settings (condition IT of fig. 11). The gain settings of condition IT
of figure 11 are much larger than the best gain settings obtained in
figure 7, and this large increase in gain causes instability of the
inner loop of the system. Condition IV of figure 11 was almost unstaeble
too, because for this case the gains were increased greatly over the
best gains obtailned in figure 9. The pedk magnification for condition IV
of figure 11 increased to 5.0 as a result of the gain increases, fur-
nishing another indication that the system would be poorly damped.

In figure 12, the gain settings that were held constant as the
flight conditions were varied were the best gain settings obtained for
the sea-level condition (see fig. 7). Since these gain settings were
in all cases lower than the best values at the other flight conditionms,
there was & general trend toward improved stability, but the responses
were more sluggish. The natural frequency of the airplane-autopilot
combination for these cases was still roughly twice the natural fre-
quency of the airplane alone for the altitude flight conditions. This
fact indicates a possibility that a constant gain setting could be used
if it were estsblished that a considerably poorer response than the best
obtainable could be tolerated.

Variations of Elevator Defiection, Normal Acceleration,
and Flight Path

The response characteristics of the basic controlled quantity, in
this case pitch attitude, do not alone determine the adequacy of a given
system. The control motions involved in obtaining the response have
effects on the maximum rate, force, and power output of the servomotor
in addition to its frequency-response characteristics, and these motions
also determine the magnitude of the loads impressed on the airplane
structure as a result of control applications. Of equal importance is
the variation of total load on the airplane as indicated by the varia-
tion of normal acceleration during the response. Another aspect involved
in determining the suitability of an autopilot is that the intent of the
system may be to control some quantity other than the basic quantity.
For example, a pitch-attitude system may be used primarily to control
the £light path of an airplane rather than its attitude.

Because of these aspects, the variations of elevator deflection,
normal acceleration, and flight path in response toc the approximate
step command in pitch attitude were investigated for each flight con-
dition. Results for the best gains obtained at each flight condition
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{
are presented in figure 13; results for constant gain with the best *
gain values obtained for condition III (altitude cruising) are presented
in figure 14, and results for constant gain with the best gain values
obtained for condition II (sea level) are presented in figure 15.
i

The ratios of elevator deflection to input attitude command are
plotted in figure 13 with the best gain values obtained, as shown in
figures 6 to 9. For an input of the gbruptness shown, these ratios
approach closely the gain values, which, as previously mentioned, are
very high for the altitude conditions. In all tances the elevator
oscillates at falrLy high frequency and the deflection amplitude rapidly
approaches zero as the attitude error is reduced. As a result, normal
accelerations of significant magnitude are imposged on the airplane only
for a short period of time, as shown in figures 13 to 15. Since the
flight-path angle is proportional to the time integral of the normsl
acceleration, the flight-path response is poor as compared with the
response in pitch attitude. The flight-path response is most rapid for
the sea-level condition, which is the condition that has the lowest gain
settings and gives by far the lowest ratio of elevator deflection to
input pitch-attitude command in figure 13. This result and the fact .
that the pitch-attitude responses are very similar for all four flight
conditions, whereas the flight-path responses differ considerably, are
indications that the effects of gain and of flight condition on the
flight-path response characteristics are considerably different from
the effects of these factors on the pitch-attitude response character-
istics. The occurrence of initial acceleration and flight-path change
in the wrong direction results from the fact that the maneuvering tail
load opposes and leads the load due to the angle-of-attack change. B

The results for constant gain with altitude cruising settings are
presented in figure 14. Comparison of the results’for a Mach number of
0.5 (cendition I) with those presented in figure 6' shows that the
decreased gains associated with the constant-gain case reduced the
control deflections encountéred, with a resulting deterioration in
piteh-attitude response. Thé maximum smplitude of the normal accelera-
tion also decreases but the average level of the curve is not effec-
tively altered, with the result that the over-all flight-path response
is little changed

The appreciable increase in gain for condition II (the sea-level
condition) for the case presented in figure 1%, as compared with the
case presented in figure 13, results in an unstable system, as mentioned
previously. The gain increase for condition IV results in violent osecil-
lations of the elevator. The oseillations in pitch attitude and normal
acceleration are attenuated somewhat, and the oscillations in the f£light-
path response are attenuated sppreciably, a fact which indicates poor
high-frequency response in flight path for the airplane.
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Further insight into the effect of autopilot gain settings on the
flight~path response may be had by comparing the results for the sea-
level constant-gain case in figure 15 with the cases presented in fig-
ures 13 and’ 1. The gains for flight conditions I, III, and IV are {
appreciably lower for the case presented in figure 15 than for those
presented in figures 13 and 1. Although the pitch-attitude response
is deteriorated by these lower gainsg, the flight-path response is
actually improved slightly by decreasing the gain. This effect is the
result of a slower reduction in the attitude error, which causes the
elevator deflections to be held ,longer and the normal accelerations to
be sustained longer. These combined effects, as reflected in the fre-
quency response,‘#end to improve the low-frequency amplitude response
in flight path even though the high-frequency amplitude response drops
off somewhat with decrease in gain.

In order to investigate the possibilities for improving the flight-
path response when a pitch-attitude autopilot:is used, a comparison has
been made of the flight-path response obtained with the present airplane-
autoplilot combination and that obtained when a perfect pitch-attitude
response is assumed. For the latter case the transfer function relating
the flight-path response to the pitch-attitude command is derived in the
eppendix. By means of this transfer function, the frequency response
was obtained. This frequency response was used in conjunction with the
Fourier synthesizer to determine the response of the flight path to the
approximate step command in pitch attitude used herein, for the case of
perfect pitch-attitude response. The results are presented in figure 16
as a comparison of the flight-path response obtained for the airplane-
autopilot combination and the flight-path response .obtained for the case
of perfect pitch-attitude responsé. Figure 16 shows that even if the
pitch-attitude response were improved the flight-path response would not
be significantly improved. Therefore, in view of the low levels of normal
acceleration sustained, a pitch-attitude autopilot is not particularly
suited to tight control of the flight path. ‘

SUMMARY OF RESULTS

}

A theoretical analysis has been made of the longitudinal response |
characteristics of a swept-wing fighter airplane having a pitch-attitude
control system. The system was investigated with pitch-attitude feed-
back alone and piteh-attitude plus pitch-rate feedback. The effects of
varying the autopilot gains and the airplane £flight conditions were
investigated. The flight conditions considered were: condition I,
M=0.5 and hp = 35,000 feet; condition II, M = 0.7 and hp = O;
condition III, M = 0.7 and hp = 35,000 feet; and condition IV,
M=0.9 and hp = 35,000 feet. (M denotes Mach number and hp denotes
pressure altitude.) From this analysis the following conclusions were
reached.:




16 NACA TN 2882

1. When the autopilot incorporated pitch-attitude feedback alone,
the gain in the autopilot error signal was limited to low values for all
four flight conditions by considerations of system stebility. As a
result, the response to pitch-attitude commands was sluggish. When rate
feedback was Iincorporated, the airplane-autopilot combination could be
made to have'a very rapid pitch-attitude response, provided some means
of changing the gain settings with flight conditions were made available.
For some cases the natural frequency of the airplane-autopilot combina-
tion could be 10 times that for the basic eirplene without loss of
adequate damping. ‘

Conclusions 2 to 7 are concerned with the system incorporating both
pitch-attitude and pitch-rate feedback.

2. The peak elevator deflections which occurred in regponse to a
fairly sbrupt steplike command in pitch attitude were very large for the
high-altitude conditions when the best gain settings cobtained were used.
In some cases the error gain settings would produce 4O of elevator
deflection for 1° of steady pitch-attitude error. In practice, use of
such high gaing may be limited by factors other than those considered in
this paper. For the abrupt steplike command, the ratio of peak elevator
deflections to input command closely approached the error gain values.

3. The effect on the response time of verying the rate gain 50 per-
cent from the original value was reasonably small for each flight condi-
tion investigated when a procedure for simultaneous adjustment of error
gein was employed. 1In all cases the stability of the system was very
sensitive to changes in error -gain alone.

4. An increase in Mach mumber from 0.5 to 0.9 at an altitude of
35,000 feet decreased the magnitude of the best gain settings obtained
by & factor of about 2.5. This reduction was brought gbout by a general
improvement in the airplane frequency response with increase in airspeed
in the subsonic speed range.

5. When the best gain adjustments obtained were used, the response
time and degree of stability of the airplane-autopilot combination
corresponded closely for all the high-altitude flight conditions investi-
gated, but the response time- tended to be larger at sea level than at
high altitude. The autopilot gains were'much higher at high altitude,
however, because both the high-frequency and the low-frequency amplitude
response of an airplane decrease in proportion to the decrease in air
density. Lo ’ -

6. When operation was attempted at sea level with the best gain
settings obtained for cruising speed at high altitude, the system
became unsteble because of the large increase in gain settings over
the best sea-level values obtained. VWhen attempts were made to operete
at high altitude with the best gain settings obtained for the sea-level
condition, in &l11 cases the gain setting was lower than the best values
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at the high-altitude conditions. The result was a general trend toward
improved stability but a more sluggish response.

7. In view of the low levels of normal acceleration sustained by
the pltch-attitude autopilot, this autopilot is not particularly suited
to tight control of the flight path since the change in flight-path
angle ig proportionsal to the time integral of the normal acceleration.
The f£light-path response was not significantly affected by changes in
gain settings. In some cases the response time was actually improved
slightly by decreasing the gain.

Langley Aeronautical ILabaratory,
National Advisory Committee for Aeronautics,
langley Field, Va., November 13, 1952.
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APPENDTX 4
TRANSFER FUNCTIONS APPLICABLE TO PRESENT ANALYSIS "

The longitudinal equations of motion in nondimensionsl form as
used in the analysis of this paper are

(ZuKYzD - Cmq)q_ + (.c,'mUL - CmmD)cn = Cpgd (1)

(zu - ch)q + (-zun - Cr, - CLMD)Q = Crgd (2)

The transfer function of the airplane that relates pitching velocity
to elevator-deflection input in terms of airplane stability derivatives
is derived fram equations (1) and (2) in the form:

q _ AD + B

5 2 +ED+ F

where

=
It

CagCrpe, - Cnp,Cle, * 24Cmg

B = Cromg - CugCl

C = 2uky?Crp + bnfKy?

E = -2UCnpg, + Cr, Cupy, - 24Cmg + 2uky?Cy,, - CnoClpg ‘

F = —Zl.lcma + Cmu,CLq - CIu‘Cn!:q
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Since

then

o _ AD + B
p{cp? + D + F)

2 -

The frequency-response form of the transfer function may be obtained by
substituting Jjo' for the operator D. Then the alrplane amplitude
ratio becomes

|£q| ez . 2
‘6

I

end the phase angle becomes

-1 +E
+G

vhere
¢ = AC(w')3 + (BE - AF)w'

(AE - BC)(w')? + EF

=]
It

H
|

= ~w' I_Ez(a)')l* - ZFC(a)')’2 + E2(w')2 + F%]

The frequency response of the autopilot was determined experi-
mentally by applying known sinusoidal inputs of various frequencies
and measuring the amplitude and phase angle of the sinusoidal output.

A block diagram of the automatic control system under consideration
is presented in the section entitled "Analysis." The symbols Y; and
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Y2 are the sutopilot and airplane transfer functions, respectively.
The open-loop transfer function of the system is

6o  KtaYp
€ 1+ KR¥;YoD

The closed-loop transfer function of the system is

8o
S0 _ % _
61 1+ 2

The known transfer functions of the airplane and the autopilot, together
with the gain settings determined by means of the technique described in
reference 1, pages 185 to 188, were used to find the frequency response
of the closed-loop transfer function of the system. The frequency-
response data were fed into the Fourier synthesizer for the determination
of the transient-response characteristics of the system in pitch attitude.

The transfer function relating elevator deflection to the pitch-
attitude input command of the closed-loop system was obtained from the
airplane transfer function relating pitch attitude to elevator deflec-
tion (previously described) and from the closed-loop transfer function
of the system relating pitch-attitude output to the pitech-attitude input
command. Thus,

5 - %/01
61  6o/5

In a similar memmer the transfer function relating normal accelera-
tion to elevator deflection was used to establish the transfer funection
relating normal acceleration to the pitch-attitude input command for
the closed-loop system. The n/5 transfer function in terms of air-
plane stability derivatives, as derived from equations (1) and (2) and
the expression

2
n=¥ (g - )
gt
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’
igs of the form:

_JDZ2 + KD + L
CDz + ED + F

ols

where

J = -2uKy2Crg

~
i

~CmgCLq + CLeCug - CrgCling, + CrmpeCLs

=
It

Cm CLs = CLoms

The n/6; transfer function for the closed loop is

%
n _Bo;
6; 0o
T

The change in flight-path angle is proporticnal to the time integral
of the normal acceleration:

2
n = y-_-_--D',v
gc

Substituting this expression for n in the n/@; transfer function
gives the transfer function relating the flight-path response to an
input pitch-attitude commaend for the system:

|0Q

Lo

A
84 2D 6y

<
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The frequency-response data determined for 8/65, n/ei, and 7/91 were
also fed into the Fourier synthesizer to establish the transient-response
characteristics of these output quantities in terms of the input pitch-
attitude command.

The transfer function relating the flight-path angle of an airplane
- to its angle of pitch is derived from equations (1) and (2) and the
following relations

Dy + Da = D@ (3)
Cmg = 'CL5% ()
De = q (5)

The trensfer function 7/6 is:

-2uKy?D? + (cmq+ Cupy, + ch%+ CLDG%)D ¥ Cp + Cla,é
- (6)

(2 5 + oo, = C1p P+ 01 7+ Oy

DIR

Equation (6) is of the form

7 _M2 + WD + 0 )
6
PD + Q
where
M = -2uKy?
N = + + C L + C L
Cmg + Cmpg, Ly 3 ¥ CIpg 5
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1
0= + Cy. =
Cma, Iu,a
P=2ply - Cip, <
_ 1
Q=Coy 5+ Cmg

This transfer function 7/6 may be interpreted as that which relates
the flight-path angle to a pitch-attitude command when the attitude
response is perfect. The frequency-response form of the transfer func-
tion may be obtained by substituting D = jo' into equation (7) and
rationalizing the equation. Then the amplitude ratio and phase angle
become

7 _ \B? + g2

g = T

o = tan~L 2

+R
where \

R = (NP - MQ)(0')? + 0q
S =a)'E‘[P(a)')z - OP + Ng
T = Pz(a)‘)2 + Q?

The frequency-response data thus obtained for 7/6 were fed into the
Fourier synthesizer to establish the transient-response characteristics
of the system when perfect attitude response is assumed.
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TABLE I.- ATRPLANE CHARACTERISTICS, FLIGHT CONDITIONS,

AND STABILITY PARAMETERS

Condition
Symbol
I IT - IIT v
M. oo oo . 0.5 0.7 0.7 0.9
hp, £t . . . .. 35,000 0 | 35,000 | 35,000
W, b . . . ... 15,291 | 15,291 | 15,291 | 15,291
S, sq ft 288 288 288 288
b, £t . .. . . . 37.1 37.1 37.1 37.1
V, ft/sec 485 779 682 87T .
¢, ft . . . . .. . 8.085 8.085 8.085 8.085
A, deg . . . . . 35.23: 35.23 35.23 35.23
/e ... ..., 2.4 2.4 2.4 2.4
CL, = o « o« « o "0.611 | 0.0735 0.312 0.189
AL ..., k.79 L.79 L.79 L.79
Hoe e e e e e e 277.24% | 85.807 | 277.24 | 277.24
Comg » « = « « + = 0.k27 0.398 0.398 0.344
Cugy, =+ -+ - - - -0.100 | -0.152 | -0.126 | -0.175
CLg « « « » « « - -0.17% | -0.162 | -0.162 | -0.1%0
Cly « = « = = - - k.355 4 .928 L .584 6.016
Cog, + « = o+ « = - -0.435 | ~0.751 | -0.579 | -1.054
Coigg, = = =+ * - -0.791 | -0.825 | ~0.825 | -0.848
Clyty, =+ « + + = = 0.323+| 0.337 | 0.337 | 0.346
CLg « + + » » » - 0.791 0.825 - ['0.825 0.848 .
Cog » » = = = - - -1.897 | -2.017 { -2.017 | -2.07k
Clpg, + * + « « - 0.1583 0.272 | '0.404 0.392
Copg, « + + - - -0.3876 |[-0.664" | -0.991 | -0.962
defde . . . . . . 0.35 0.395 0.368 0.483
Ky .« ... 0.308 0.308 0.308 0.308
Iy o o v v o oo . 29,448 |[29,448 | 29,448 | 29,448

25




Horisontal reference

| \\

Figure 1.- System of axes and angular relationship in flight. Arrows indi-
cate positive directions of forces and moments.
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Flgure 15.- Response in pitech attitude, elevator deflection, normal
acceleration, and flight peth to pltch-sttitude command when best
geins obtained at condition II are used. Mech number, 0.7;
altitude, O.
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Figure 16.- Comperison between flight-path response aa presented in
figure 13 for the airplane-autopilot combination with rate gyro and
the flight-path response which would be cbtained with perfect atti-
tude response. Solid line indicates airplane-sutopilot response. ‘,E'



